Abstract. This paper proposes a new theory of quantitative specifications. It generalizes the notions of step-wise refinement and compositional design operations from the Boolean to an arbitrary quantitative setting. It is shown that this general approach permits to recast many existing problems which arise in system design.
Introduction
Specification theories permit reasoning about behaviors of systems at the abstract level, which is needed in various application such as abstraction-based model checking for programming languages, or compositional reasoning. Such specification theories generally come with (1) a satisfaction relation that allows to decide whether an implementation is a model of the specification, (2) a notion of refinement for determining the relationship between specifications and their sets of implementations, (3) a structural composition which, at the abstract level, mimics the behavioral composition of systems, (4) a quotient that allows to synthesize specifications from refinements, and (5) a logical composition that allows to compute intersections of sets of implementations.
Prominent among specification theories is the one of modal transition systems [13, 14, 15, 18, 21] , which are labeled transition systems equipped with two types of transitions: must transitions that are mandatory for any implementation, and may transitions which are optional. In recent work [3, 17] , modal transition systems have been extended by adding richer information to the usual discrete label set of transition systems, permitting to reason about quantitative aspects of models and specifications. These quantitative labels can be used to model and analyze e.g. timing [6, 16] , resource usage [22], or energy consumption [4, 9] .
In particular, [17] extends modal transition systems with integer intervals and introduces corresponding extensions of the above operations which observe the added quantitative information, and [3] generalizes this theory to general structured labels. Both theories are, however, fragile in the sense that they rely on Boolean notions of satisfaction and refinement: as refinement either holds or does not, they are unable to quantify the impact of small variations. For quantifying differences, distances between systems are useful; this approach has been explored e.g. in [5, 7, 19, 23, 25] . A first quantitative specification theory which is not fragile is introduced in [2], for one specific type of weighted modal transition systems and one specific distance. While this is useful for some applications, it is too specific to cover the whole spectrum of quantitative specification theories.
What is needed is a quantitative specification theory that is independent of both the specific labels and the distance used to measure differences; this is what we introduce in this paper. Using the concept of distance iterator function from [10,12], we introduce a general notion of refinement distance between structured modal transition systems and a general quantitative specification theory. It turns out that there are some natural technical compatibility conditions relating the label composition operators with the distance which give rise to different properties of the specification theory; these are worked out in detail.
Our general quantitative theory can be instantiated with a variety of different distances and operators, all useful for different applications; hence it can serve as a unifying framework for these applications. Note that all proofs of this paper had to be omitted due to space constraints.
Structured Modal Transition Systems
Labeled transition systems have long been established as the de-facto formalism for specifying formal semantics for discrete behavior and communication of programming languages and reactive systems. However, in order to capture meta-data and expectations about these, such as e.g. execution times of hardware platforms, cost of certain operations, or energy consumption, we require a richer formalism.
We work with a poset Spec of specification labels with a partial order Spec and denote by Spec ∞ = Spec * ∪ Spec ω the set of finite and infinite traces over Spec. In applications, Spec may be used to model data about the behavior of a system; for specifications this may be considered as legal parameters of operation, whereas for implementations it may be thought of as observed information. The partial order Spec is meant to model refinement of data; if k Spec , then k is more refined (leaves fewer choices) than . The set Imp = {k ∈ Spec | k Spec k =⇒ k = k} is called the set of implementation labels; these are the data which cannot be refined further. We let k = {k ∈ Imp | k k} and assume that Spec is well-formed in the sense that k = ∅ for all k ∈ Spec.
When k Spec , we want to be able to quantify the impact of this difference in data on the systems in question, thus circumventing the fragility of the theory. To this end, we introduce a general notion of distance on sequences of data following the approach laid out in [12] . Let M be an arbitrary set and Ä = 
